The modes and frequencies of the giant quadrupole resonance of heavy deformed nuclei have been calculated. The quadrupole operator is computed and the absorption cross section is derived. The quadrupole sum rule is discussed, and the relevant oscillator strengths have been evaluated for various orientations of the nucleus. The giant quadrupole resonances have energies between 20 and 25 MeV. The total absorption cross section is about 20% of the giant dipole absorption cross section. Of particular interest is the occurrence of the quadrupole mode which is sensitive to the nuclear radius in a direction of approximately e=i?r from the symmetry axis. This may give information on the details of the nuclear shape.
I. INTRODUCTION
if the model is still applicable, the giant quadrupole T HE predictions of the hydrodynamic model of the giant dipole resonance have been found to agree with the ex~erimental facts in very great detai1.l-B As a matter of fact, no real discrepancies between the predictions of the model and experimental results have as yet turned up. I t thus seems important to develop the model further in order to find its limits of validity.
In this paper we develop the theory of the giant quadrupole resonance for deformed nuclei with a rigid boundary condition, the so-called "static" theory. This step is analogous to the static theory of the splitting of the giant dipole re~onance.~~* We shall see that the splitting of the quadrupole resonance is of the order of 5-6 MeV compared with about half that amount for the giant dipole resonance. The splitting of the giant quadrupole resonance is of interest also in the following connection. In the Same way as the giant dipole resonance is sensitive to the nuclear axes in three orthogonal directions, the giant quadrupole resonance is sensitive to the nuclear radius in five directions. Thus, resonance, together wiihthe giant dipÖle resonance,-can reveal rather fine details of the nuclear shape.
In this paper we do not treat the rotations and vibrations of the nucleus. The results obtained are thus valid only for the coordinate system fixed relative to the nucleus, the so-called intrinsic coordinate system. They would be valid also for the laboratory system for a nucleus with infinite spin which could have a fixed direction in the laboratory. The obtained eigenenergies have the Same meaning and usefulness as those of the equivalent step in the theory of the giant dipole resonance. They give the qualitative picture, and they serve as input Parameters to the coinplete theory which treats the giant resonances together with the vibrations and rotations.
The experimental situation concerning the giant quadrupoc resonance is still alrnost void of~results; this is so mostly because of the experimental difficulties (the giant quadrupole resonance lies on the back of the much larger giant dipole resonance). I t is, however, of great interest to determine whether or not the hydrodvnamic model is still a~~l i c a b i e for the giant auad- correlations of the nuclear wave functionsu which is about l@l3 Cm. The "second-sound" wavelength of the giant dipole resonance is about X=k-1=2.7X10-13 Cm, while it is only about X~1.7X10-l3 cm for the giant quadrupole resonance, i.e., it is already quite close to the two-body correlation length. I t must be emphasized at this point that this breakdown is not limited to the hydrodynamic model. For identically the Same reasons, the long-range correlation shell-model description, nowadays called the "particle-hole" picture, becomes inadequate at higher energies (or larger momentum transfers in electron scattering). There the quasideuteron effect becomes the predominant mechanism. We hope by this discussion to stimulate some interest among our experimental friends regarding this energy region.
Briefly, the paper is organized as follows. In Sec. I1 the general results of the hydrodynamic model are given. In Sec. I11 three methods for obtaining the solution to the Helmholtz equation in a deformed nucleus are discussed. In this section we also evaluate the quadrupole energies for a spherical nucleus. In Sec. IV the expression of the photon quadrupole operator in terms of the collective coordinates is derived, and in Sec. V the photon absorption Cross section is calculated and the sum rule is established. Section V1 exhibits the computation of oscillator strengths in the intrinsic System for various cases. Finally, we have sumrnarized the results and discussed their physical aspects in Sec. VII.
THE HYDRODYNAMICAL MODEL
In the hydrodynamic mode112J3 it is assumed that the internal motion consists of a flow of protons and neutrons in opposite directions such that the changes in the proton and neutron densities, p, and p" cancel in the total nuclear density, po. The static theory in addition considers the nuclear surface to remain fixed. The restoring force is supplied by the sqmmetry energy. 
In these expressions K is the syrnmetry energy constant, M* is the effective nucleon mass introduced to allow for virtual meson exchange,11.14 E is the externally applied electric field strength, and F is the width of the resonance. In Eq. (3) fi is a unit vector normal to the surface. The dipole and quadrupole modes are schematically depicted in Fig. 1 .
THE SOLUTION T 0 THE HELMHOLTZ EQUATION
Owing to the 7 vibrations of the nuclear surface, the instantaneous shape of the nucleus is in general triaxial. Therefore, no tabulated functions are available to express the solutions of (2) in closed form. We shall use two approximation methods to obtain solutions and check the results in the limiting case of axial symmetry against the exact solutions in an ellipsoidal nucleus where tabulated spheroidal wave functions are available. In the first of the two approximation methods which we refer to as the expansion method, we treat the wave equation in spherical coordinates. The general solution is then expressed as a linear superposition of spherical waves. The expansion is performed to first order in the nuclear deformation Parameters. The eigenvalues are obtained upon satisfying the boundary conditions. For the second method we use a variational technique to obtain the eigenvalues of the deformed state.
A. The Expansion Method
When the wave equation is expressed in spherical coordinates, the general solution that is finite at the origin is
14 M. Danos, University of Maryland Technical Report No. 221, 1961 (unpublished) .
The origin of the coordinate system is the center of mass of the nucleus. In this approach we calculate the gradient of (r) and equate the scalar product 4 . Vv (r) and the scalar product 4.f, both of which are evaluated at the surface. In this manner we obtain the coefficients CLM in terms of the electric field and the wave number k. By finding the poles of these coefficients as functions of the energy, we obtain the eigenvalues.
To calculate the Vy(r) we use the gradient formula15
where the vectorial spherical harmonics are defined by
The E, are the spherical basis vectors with the orthonormality relations
The gradient of 7 (r) is calculated by applying Eq. (9) to Eq. We still need to evaluate the spherical Bessel functions at the surface, Eq. (14). We do this by expanding the spherical Bessel functions jh(kR) in a Taylor series about R= Ro and retain only terms to first order in the deformation parameters. We have
The prime denotes differentiation with respect to the argument z= KR. The expression for the nom~al gradient obtained in this way is again given in Appendix A.
We now evaluate 4 -f at the surface. Let us consider a plane, circularly polarized wave traveling in the direction s, with wave number s = I SI. Then with ab 42, and s/s real unit vectors forming a righthanded orthogonal Cartesian coordinate system. P is the polarization index with P= 1 corresponding to left circularly polarized waves, and P= -1 to right circularly polarized waves.
Using the well-known expansioii for a plane wave we obtain the multipole expansion of a circularly polarized plane wave15 in the coordinate system used in Eq. (14), i.e., in the "intrinsic coordinate system,"
where
The a>~fp(~)(aßy) are the rotation matrices and (Y, ß, and y are the Euler angles.
We wich to consider a plane polarized wave. We thus must consider an appropriate superposition of left circularly polarized and right circularly polarized waves. For a = ß = y = 0 we choose E along the X axis and s along the z axis. Thus (24) For energies of the order of 25 MeV, we have sRo =ERo/hc=0.9. Hence, we may neglect j3(sr) in our calculations since it will be at most only about 301, of j~(sr).
Using the expression for the vectorial spherical harmonics, and Eqs. (19), (20), and (21), we obtain Let us now consider the scalar product 4.8. Since 4 contains the angular functions Y1, and Yav only, in combining with Yz, the parity rule will restrict the scalar product to terms such as Y1", Y3v,, and YS~,, while in combining with Y1" we will obtain only terms Yoo, Yzvt, and Ydv'. Since we are interested only in the quadrupole oscillations, we need only the terms involving Y1, in Eq. (25). The scalar product with the normal is then
+aoa)~-(2)(2)-'~2-~+~~o-(2)(6)-'i2]Y11). (26)
To evaluate Eq. (26) at the surface, we again perform a Taylor expansion of jl(sR) to first order in a, about the point sR0.
The prime denotes differentiation with respect to the argument 4= SR. We give the resulting expressions in Appendix A.
To evaluate the coefficients CLM for L= 2, we consider the boundary condition Eq. (2). These coefficients may then be obtained by equating the corresponding coefficients of the Yx,. This procedure will produce a set of simultaneous equations. From these equations we obtain to first order in ao and az C2o=B2o/A22,
B2o= -tif sin2ßC-3 ( 6~/ 5 ) "~j l + (jl-3C;j;) (6112a~+2a2 cos2a)/7], Bz,,%= -tif sin2ßc3 (.rr/5)'I2 jlekZia
The argument of the spherical Bessel functions above is z= kRo.
To begin with, we shall evaluate the CLM for an undeformed nucleus for which the different modes are degenerate. The electric field directions associated with diverse photon polarizations and directions are listed in Table I . We thus look for those choices of the Euler angles a, P, and -y which maximize the coefficients as given by (28). In comparison with the dipole resonance, for which the oscillations are in the direction of the electric field, the directions of the quadrupole oscillations are at an angle of $T with respect to the direction of the electric field. The characteristics of the eigenmodes for the quadrupole oscillations are summarized in Table 11 .
The eigenmodes in Table I1 are those corresponding to the undeformed nucleus. A finite deformation will produce not only a change in the frequency of the oscillation but also a change in the direction of maximum displacement. Specifically, from (28) we find the results as summarized in Appendix A.
In order to calculate the eigenfrequencies and eigenenergies, we look for the Zeros of the denominators in (A4). We have expressed these denominators in the form X+A~MBY '0,
where Since -3 j3(z)+2 jl(z)= 5ji(z), we See that for the undeformed nucleus, the eigenfrequencies occur at the maxima and minima of jz(z). From 3j3(z)=2jl(z), there follows cotz = (9 -4z2)/z(9-z2) .
(33) Then C~M for a,= 0 has the poles given in Table 111 .
To calculate the eigenvalues for the deformed nucleus, we perform an expansion about the undefonned eigenvalues Zn. Let zn=Z,+Azn. Since the energies are proportional to the wave numbers k s~~, the above relationships also hold true for the energies. Thus for n= 1 where EO is dependent upon A, N, and Z (see Sec. IIID).
We note that kzo and k2*2 of Eq. (40) are in first-order independent of the nuclear asymmetry parameter a2. This can be understood from Fig. 2 where the mode (Y22+Y2-2) is shown for az>O and a2<0. [ A similar situation exists for (Y22-Y2-2).] In both cases this quadrupole mode "sees" a minor and a major axis simultaneously. Therefore, no linear dependence of the energy on az can be expected for this mode.
B. The Variational Calculation
In order to obtain the energies of the quadrupole oscillations to second order in the deformation Darameter ao, we use a variational approach. The expansion method of the previous section becomes too involved to be practicable. The variational approach has been used by Inopin16 for the dipole case. A comparison of his results with the exact calculations of Danos8 for the case of axial symrnetry shows an agreement for the eigenvalues within 1%. Upon calculating Eq. (42) with this trial solution and minimizing with respect to the parameters arn, we would obtain a Set of simultaneous equations. These equations are precisely the Same as in the expansion method.
C. The Exact Method
Insofar as the nucleus may be treated as an ellipsoid of revolution, exact solutions to the Helmholtz equation (12) are obtainable. For small deformations the "quadrupole shape," defined by (14), and the shape of an ellipsoid of revolution are identical. However, already a t the nuclear deformations corresponding to ~0~0 . 3 , the ellipsoidal and the quadrupole shapes differ somewhat. Hence, expanding the ellipsoidal shape in spherical harmonics, i.e., continuing to higher values of E, for such a deformation the term a4Y40 would have an amplitude a4= 0.1. The consequences of this difference will become apparent below.
The exact solution is a linear superposition of spheroidal wave functions. These functions are solutions of Eq. (12) separated in spheroidal coordinates. For the prolate spheroid the transformations are given byl* z=$a$X, where l _ < E < m 1 -l < X l l ,
05 cp52n.
The foci of the ellipsoid (spheroid) are z=&$a, and X, y, z are the rectangular coordinates. In spheroidal 
In terms of the deformation parameter ao, the parameter h is given by These equations corresponding to m=0, 1, 2 are given in Appendix A. By solving these equations, viz. (Ag), (A9), (AlO), and using (56) and (57), one obtains the curves (Fig. 3) relating the Parameters ao and the eigenvalues Es.
D. The Resonant Energies for Spherical Nuclei
In Fig. 3 we give the resonant energies of the fundamental quadrupole modes in ternis of the energy of the degenerate modes of the undeformed nucleus. This energy, Eo, is given by where U is the velocity of "second sound'' in the nucleus. Together with (6), the energy is then Eo= (hZl/Ro)[(8~/M*) (hrZ/A2)]1'2 .
(60)
If we use 4NZ/A2=1, K=20 MeV, Ro=1.35A113 fm, 21=3.34, and a=0.5 for the effective mass, Eq. (7),
This value of Eo is affected by several sources of uncertainty. First, the value of the symmetry energy constant is uncertain by about &10%. Second, the diffuseness of the nuclear shape also affects the resonance energies. Both effects have to be kiiown to determine the effective mass. However, since the same effects are present in the dipole as in the quadrupole resonance, they will presumably have little influence on the ratio E q u a d r u p o i e = 1.6.
IV. THE QUADRUPOLE OPERATOR
The electric quadrupole moment operator in the laboratory system, Q" is obtained by transforming the quadrupole operator in the intrinsic system Q, with the rotation lnatrices The operator in the intrinsic system is defined as The integral is taken over the nuclear volume with the proton distribution p, given byl Here p,(O) is the equilibrium proton density. The F, are normalization factors. T, characterizes the amplitude of the quadrupole oscillation associated with the mode p. If we assume hannonic quadrupole oscillations, then the potential energy assumes the form The C, are constants which are to be determined.
In the hydrodynamic model the potential energy is given byl P po is the nucleon density. The integration is again taken over the nuclear volume. b is a constant. Equating Eqs. (66) and (67), we have Upon calculation of the integrals with the wave functions we obtain the expressions for the C" which are given in Appendix B.
Let us now define This is the intrinsic quadrupole operator resulting only from the nonspherical shape of the nucleus. I t is nonzero already for q=O, i.e., for a uniform proton distribution. We find
We now introduce the annihilation and creation operators for the quadrupole oscillations, q, and q?, respectively : which, actually, is also a defining equation for the mass Parameter B. The amplitudes T thus are related to the annihilation and creation operators by and W,= k2,u. This relation insures that T,*= (-)MT-,. A change in notation with respect to previous calculations1v2 has been introduced in order to conform to the standard phase conventions. We list the expressions for the intrinsic quadrupole operators in Appendix B. (83) absorption cross section is1,19320 i , j 2n 1 rEnO Using s=o/c= E/hc, we find for the Cross section un(E)=--Ac &02
H Q is the quadrupole interaction and is the width of (Ac) the resonance.
where we have denoted the mode by the subscript p, and For a localized charge distribution p(r) placed in an the energy level by n. we have also defined external potential @(r), the electrostatic interaction of the system is Q=Q C QijMij.
We now calculate the integrated cross section and the quadrupole sum rule. Following Khokhlo~,~' we Expanding the potential around an origin chosen a t the h" the ", nile
Center of the nucleus, we have Here q and d are the total charge and the dipole moment, with (E) = C n g,n (E). riI tlle limit as r -t 0 the respectively. Q, is the quadrupole nioment given by function r es= e/ ( 3~~~-r26dp (r)d V .
Upon comparison of Eq. (77) with Eq. (64), we obtain the explicit expressions for the Qij as listed in Appendix B. The Q, ' do not have to be included since the matrix element of these operators between the ground state and a giant -E2-state vanishes. To calculate 8Ej(0)/dxi we consider an incident plane wave traveling in the direction s with wave number s and frequency o with the electric field polarized in the direction d
where I dl = 1. Writing the Cartesian coordinates as s=si5?+s2g+s32, u= u$+u%~+ U&,
the gradient of E evaluated at the origin becomes
[M] is a (3x3) matrix with components
l@ S. Flugge, Z. Naturforsch. 1, 121 (1946) . 20 S. Flugge, Z. Naturforsch. 3a, 97 (1948).
behaves as a Dirac delta function, 2d(E-Ez,"O), upon integration over the energy from 0 to W . To apply this sum rule, we have to include a factor N / A which has its origin in the fact that the hydrodynamic model contains only the "second sound" part of the sum rule in which the protons and the neutrons move in opposite fashion. For example, the contributions of surface vibrations where protons and neutrons move together have to be excluded here. We now define the E2 oscillator strengths by then comparison of (84) and (86) Let a and ß be the Euler angles defining the direction of the incident photon with wave vector s in the intrinsic coordinate System. We consider the four separate cases as given in Table I . These cases correspond to different orientations of the nucleus with respect to the incident photon beam. The explicit formulas are given in Appendix B.
We now turn to defonned nuclei. The cross section for the mode p is
E2r
In a spherical nucleus the five quadrupole modes of oscillation are degenerate. However, they are not degenerate in a deformed, triaxial nucleus, and they have, to a good approximation, angular distributions proportional to Yzo, (Yzif Y 2 4 , (Y224 Y2-2). Of particular interest is the result that the eigenfrequencies of the (Yzlf Yz-1)-distributions depend strongly on the form of the deformed n~c l e u s ,~ e.g., whether it is an ellipsoidal shape or a quadrupole shape where R = R~(lfaz,Y~,) (Fig. 3) . Since the (Yz1f Y2-J modes are peaked a t O=nn/4, we compare the radial distances of the ellipsoidal shape and the quadrupole shape in this direction, assuming axial symrnetry. We have for an ellipsoid
where a and b are the semimajor and semiminor axes of the ellipsoid, respectively. We then find R,i= R0[1+4(5/4a)'/~ao-(15/16a)ao2+. . -1. 
Hence, the ratio of the change in the radial distance at a/4 as a function of ao is
With ao = +, we then find where AEq and AE,i are the shift of the mean resonant energies of the modes (Y2lf Yz-1) in the cases of quadrupole shapes and ellipsoidal shapes, respectively. The difference in the resonant energies for these modes is thus significant enough to shift the position of the maximum cross section by as much as 1 MeV. This difference is shown explicitly for heavy nuclei in Table V by comparison of the variational calculation (mean) and the ellipsoidal calculation (exact). As ao becomes large, (98) becomes inaccurate since the direction of maximum oscillation for these modes is then a t an angle less than $T. We now make a few remarks about the magnitude of the errors involved in the calculation and the validity of the model. As noted in Sec. IIIB, the energies as calculated by the variational method could be improved by considering the trial wave functions as a sum of spherical harmonics and varying the coefficients to obtain the closest approximation to the exact wave function and its corresponding eigenvalues. This procedure was followed in certain modes, but the values of the eigenenergies were decreased by less than 0.5y0.
The calculation of the resonant energy of the undeformed nucleus in Sec. IIID depends on the values of K and M*. The uncertainties in these values result in an uncertainty of the resonant energy of about 20%. However, this uncertainty will have a very small effect on the shape of the cross section and the splitting of the resonance for a deformed nucleus. The value of E 0 for the quadrupole resonance can be expected to appear at 1.6E<, where E< is the position of the giant dipole resonance. Therefore, from the knowledge of the latter, we can precisely detennine the position of the quadrupole resonance. Another significant change in the resonant energies would be expected to result from a consideration of a dynamic theory. We have here neglected the coupling of the quadrupole oscillations with surface vibrations (-1 MeV), rotational modes (-100 keV), and single particle motions (-500 keV). The inclusion of these interactions for a dynamic treatment of the problem should constitute the next step in the theory of the giant quadrupole resonance.
The experimental problenis involved in the detection of the giant quadrupole resonance are considerable. In the multipole expansion of the radiation field, the quadrupole term is about SR times as big as the dipole term. For sRz0.7 the ratio of the cross sections would then be about 0.50 since the cross section is proportional to the Square of the matrix element. Furthermore, the tail of the dipole resonance in the quadrupole resonance region is still 10yo to 20Yo of its maximum value. If direct photon absorption experiments were performed, it would be necessary to subtract the dipole contribution in the energy region under consideration to obtain the quadrupole resonance. A more sensitive experimental technique perhaps might be inelastic electron scattering a t an angle for which the dipole contribution to the scattering has a minimum; the quadrupole contribution would not be depressed a t that angle. The drawback here would be the difficulty in the subtraction of the radiation tails associated with the inelastic scattering events leading to all nuclear levels which have lower excitation energies than the desired level. In balance, none of the possible experiments are simple in interpretation.
APPENDIX A
We list here several long formulas which were obtained in the solution of the Helmholtz equation in Sec. 111.
In terms of spherical unit vectors, the expansion of vr(r), Eq. (81, is
The expansion coefficients of the normal unit vectors in terms of the spherical unit vectors, Eq. (13) We now list the oscillator strengths for special orientations of the nuclei. These orientations are those of Table I and correspond to those for which each mode has its maximum excitation. The values given are for
